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ON THE FORM OF SOLUTIONS OF THE ITERATIVE FUNCTIONAL EQUATION OF THE n-TH ORDER
The paper contains two theorems on the shape of some continuous solutions of the iterative functional equation of the n-th order, with constant coefficients.
1. We consider the functional equation of the n-th order with constant coefficients:
(1) <M/») + a"-i<M/ n_1 (z)) + • • • + aoM*) = 0 where (f>\ is an unknown function, /' denotes the i-th iterate of given function f. This equation has been studied in detail in [1] (chpt. XIII p. 259). The theorems on the shape of solutions of the equation (1), formulated in this paper complement some results from [1] . These theorems can be applied in the theory of iterative functional inequalities of the n-th order, which will be subject of the next paper.
Assume the following about the function /:
(HI) /:/-•/,/ = [0, a), a > 0, / is continuous and strictly increasing function and 0 < f(x) < x, x G / \ {0}.
Polynomial:
(2) 10(A) = A n + a^A"" 1 * ... + aiA + a 0 is called the characteristic polynomial of equation (1). Denote by Aj,..., A n the roots of this polynomial. One can consider, instead of (1), the equivalent system (cf.
[1], chpt. XIII, p. 262):
<t>n(f{x)) -A n <t>n{x) = 0. Denote by \ n the root of the characteristic polynomial, which has the smallest absolute value. We prove the following theorem for solutions of the equation (1) under the following assumption on roots of the characteristic polynomial (H2) |Aj| < 1, i = 1,..., n X n is the single root of the polynomial (2). Proof. By induction with respect to the order of equation. We prove at first a) and b) for the second order equation. Let <j>i be a continuous solution of equation (1), for n=2, i.e.
The roots of the characteristic polynomial w( A) = A 2 + aiA + Go are Ai, A2 and
is a solution of the equation 
M -M
When Aj = -A2, the equation (9) 
is a solution of equation (13). The proof of the uniqueness of <^>1 is analogous to that for the case n=2. This completes the proof.
The second theorem on the form of solution of the equation (1) The system of equations equivalent to the equation (1) can be divided into three subsystems, corresponding to different sets of roots in (H3):
Mfi*)) ~ KM*) = 0.
We prove a theorem on the shape of solution of the equation (1) = V>P+i(
The function V'i+i = 4>k+i+i and is of the form (18). From [1] (Th. 2.11, p. 58), [2] (chpt. 3.1C) and from the form of the function V'f+i (it fulfils the last equation in (16) too) it follows that the l-th (the last) equation of system (19) has a one parameter family of solutions. Thus there exists b € K, such that ifti has the form:
An 1 The function tpi is continuous and it is the right hand side of the (l-l)-st equation of system (19), therefore it must satisfy 0) = 0, thus b=0. This implies that ipi fulfils the last equation in (16) Mf(x)) ~ KM*) = o.
'n-:
From the existence of lim x^o ^fy an( l from the way the latter system was constructed, it follows that there exists lim x _"o ^¡tt^t-Thus the function
is a continuous solution of the equation
£(/(*))-= T--
An
This is a contradiction, since the above equation does not possess continuous solutions in 1 -[0, a).
